Exam in Calculus

14. june 2019
Exercise 1 (6 point)
A function is defined as
72
flx,y,z) =1+ m

where x and y are real variables.

(@) (3 point) The domain of definition of f consists of all the points (x,y,z)
which satisfy:

[]z#0

x+y>0
[] x> +y?>>1
M The whole space without the z-axis

[ yx #0

[] none of the others
(b) (3 point) What is the level surface defined by f(x,y,z) = 1?

[] A sphere given by x? +y?> + 2> =1

M The xy-plane without the origin

[] A paraboloid given by z = x? + y?

[] A plane parallel with the xy-plane given by z =1

[] none of the others

Exercise 2 (6 point)
A parametric curve in space is given by

r(t) = (sin(2t), cos(2t), 2t)
where the parameter ¢ can be any real number.

(@) (2 point) What is the velocity vector of the curve?

[1 (2sin(2t),2cos(2t),2) [1 (2cos(2t), —2sin(2t),2t)
[] (2cos(2t),2sin(2t),2) M none of the others

(b) (2 point) Which of the following vectors is the acceleration vector at t = 7?

Side 1 af 8



[] (0, -1, 0) [] (0, =2, 0) [](0, -2, 1)
M (0, —4, 0) [](—4, 0, 1) [] none of the others

(c) (1 point) What is the velocity?

[] Vit % 22 ] / pi2t

[] V1+1t2 [] 4 [] none of the others
(d) (1 point) What is the length of the curve between t = 7t and t = 27?

[] M 2v2m [] 57

[] 27 [] 4 [ ] none of the others

Exercise 3 (6 point)
Three complex numbers are given by
21 =141, zp=2 og 23 =410,
(@) (2 point) What is z; + z; in polar form?
1 [] —2¢7/4 M V2 /4
[] 2e~ /4 0 V2eii [] none of the others

(b) (2 point) What is ;—; in the standard form a + ib?

[1—i M -1-i [] e ™™
11+ 01+ [] none of the others

(c) (2 point) What is the principal argument of Z??

[]0 [] = VM —3m/4
[] /4 [] 37/4 [] none of the others

Hint to (c): The principal argument is a polar angle which belongs to the interval
| — 7, t]. A useful identity is arg(z") = n arg(z).

Side 2 af 8



Exercise 4 (10 point)

(@) (5 point) A homogeneous second order differential equation is given by

y' =2y ~y.

Below you may find a few expressions where c; and c; are arbitrary real
constants. Mark the expression which gives the general solution to the
differential equation.

O y(t) = cre™ +coe! O y(t) = cref + cat

[ y(t)=c cos( ) + cosin(t) [ y(t) = c1sin(2t) + cp cos(2t)
O y(t) =c1+cat ¥ y(t) = (c1 + cot)e!

O y(t) =c1+cot? [] none of the others

(b) (2 point) Which function x,(t) is a particular solution to the inhomoge-
neous differential equation

x"(t) = 2x/(t) — x(t) +1

among the following expressions:

0 (1) = 0 () = 2

O xp(t) =t+1 O xp(t) =t—ét

M xp(t) =1 [] none of the others
(c) (3 point) Mark the solution x(t) to the initial value problem

x"(t) =2x"(t) —x(t)+1, x(0)=0, x'(0)=1,

among the following expressions:

[] x(t)=e'(2t+1)—1 [] x(t) =

[] x(t) = —4t? Dx()—t—62t+1

O x(t) =t —te O x(t) =

M x(t) =ef(2t—1)+1 [] none of the others

Side 3 af 8



Exercise 5 (8 point)

Answer whether the following statements are true or false:

(@) (2 point) The velocity vector of a curve can never have a zero length.

[] True M False

(b) (2 point) When a points moves on a straight line, the curvature is infinitely
large.
[] True M False

(c) (2 point) If f(x) = cos(x) and g(t) = ¢!, then h(t) = f(g(t)) is differenti-
able and I/ (t) = — sin(e!).

[] True M False

(d) (2 point) The function f(x) = In(x) where 0 < x < 1 has an inverse
function.

M True [] False
Exercise 6 (7 point)
A function f is given by

f(t) = e fcos(2t) + 3
where t > 0.

(a) (3 point) Which of the expressions below correspond to F(s) = L(f)(s)
when s > 0?

6 ~1 2 1
0 &+ e U S+
6 +1 2 2
1 &+ mea 0 &+ erip
] S% + W [] none of the others

(b) (4 point) A function F is given by

2s+1
s+1)(s+2)

F(s):(

where s > —1. Which of the following expressions correspond to f(t) =
L7Y(F)(t) for t > 0 (the inverse Laplace transformation of F)?

Side 4 af 8



O f(t) =-1+2¢ [ f(t) = —e +3e%
O f(t) =4e* —et [ f() =1+2¢
W f(t) = —e 7t +3e2 [] none of the others

Exercise 7 (8 point)

A domain R in the plane consists of all the points with coordinates (x, y) which
obey the inequality x> + (y — 1)? < 1. The function f is defined on R and is

given by f(x,y) = x2.

(@) (2 point) Which of the following points are inner critical points for f?

[] (0,—1) [1 (t,0) where 0 < t < 2
[] (1,0) [] (t t) where0 < t < 2
M (0,t) where 0 < t < 2 [] none of the others

(b) (4 point) Which of the following functions take the same values as f, when
(x,y) belongs to the boundary of R?

[ g(y) = (y—1)>where -1 <y < [] g(x) =1+ x*>where0 < x <2
0

V] g(x) = x2 where -1 < x <1

_ 2
[ g(y) =y where0 <y <2 [] none of the others

[] g(y)=1—yzwhere0§y§2

(c) (2 point) What is the maximal value of f?

K1 03 05
[] 2 [] 4 [] none of the others

Exercise 8 (12 point)
A surface F in the space is determined by the equation F(x,y,z) = 0, where
F(x,y,z) = 2ysin(x) + > — 2%

(@) (3 point) Which of the following expressions correspond to the gradient
vector VF?

[1 (—2ycos(x),2sin(x) 4+ 2y, —2z) ] (2y cos(x),2sin(x) + 2y, —2z)
[] (2ycos(x) + 2sin(x),2y, —2z) [] (0,0,0)
[1 (2y cos(x) + 2sin(x),0, —2z) [] none of the others

(b) (3 point) Which of the following equations determine the tangent plane to
F at the point P = (0,1,1)?
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[J2=x+y+z Mz=x+y [Jz=x—y

[]2z=x+2y Jz=y+2x [] none of the others
(c) (6 point) From the equation F(x,y,z) = 0, what is the partial derivative

0z/dx at the point P?

] -1 ] -2 ]2

[]0O M1 [] none of the others

Exercise 9 (12 point)

A function is given by
f(x,y) = sin(xy),
where x > 0and y > 0.

(a) (2 point) Mark whether the following statement is true or false: f(x,y)
cannot be less than zero.

[] True M False

(b) (2 point) Mark whether the following statement is true or false: f(x, y) can
never be equal to 1/2.

[] True M False

(c) (4 point) What is the directional derivative Dy f(P) at the point P = (0,1)
in the direction given by the unit vector u = (0,1)?

Ko 03 [ 4
[]1 02 [] none of the others

(d) (4 point) Which of the following vectors has the same direction as the one
in which f grows fastest at point P (the direction v for which Dy f(P) is

maximal)?

0% % O (3 %) 0 (5 )

7 (1,0 0 (5.5 0 (-2 &)

[] <%1_\%> [] (0,1) [] none of the others

Exercise 10 (9 point)

A function is given by
f(x) = sin(x?)

for all real numbers x.

(a) (5 point) Mark the correct expression for f”(x) (which means f twice dif-
ferentiated)

Side 6 af 8



—4sin(x? 2sin(2x
(2 2 2
[] —x*sin(x?) [] 2sin(x”) — 4x* cos(x?)
M 2cos(x?) — 4x? sin(x?) [] none of the others

(b) (4 point) Which of the following expressions corresponds to the second
order Taylor polynomial for f with the expansion point a = 0?

[ x+ x? ] —x+x? [ 2x +x?
[ 1+x+x%/2 M x? [] none of the others

Side 7 af 8



Exercise 11 (11 point)
A curve in the plane is given by

x(t) =2t+1,
y(t) = sin(t)

for all real numbers .

(@) (2 point) For which value of the parameter t does the curve go through the
point P = (1,0)?

10 ] 27 [ 47
[] = [] 37 [ ] none of the others

(b) (4 point) What is the value of the velocity when t = 0?

0o 0 v2 v V5
[]1 ] v3 [] none of the others

(c) (5 point) What is the value of the curvature at P?

Mo [] 1v27 0 2/v125
[]1/V8 [] 1/v125 [] none of the others

Exercise 12 (5 point)

Consider the following initial value problem
y'(x) = xy*(x), y(0)=1.

(a) (3 point) Assume that y solves the above equation, and define

1
flx) = y(x)
Which equation does f satisfy?
U f(x)=xf(0)=1 0 f(x)=x% f(0)=0
M f(x) =-x, f(0)=1 0 fi(x)=x, f(0)=0
O f(x)=1, f(0)=1 [] none of the others
(b) (2 point) What is y(x)?
01+x v 2/(2—x?) 0 1/(1—x?)
[11/(1+x) []2/(2+x?) [] none of the others

Side 8 af 8



