Exam in Mathematics for Multimedia Applications
First Year at the Technical Faculty of IT and Design
13 August 2019, 9:00-13:00

This exam set consists of 8 pages with 12 problems. A number of points are
specified for each question. The total number of points equals 100.

It is allowed to use books, notes, photocopies etc. It is not allowed to use any
electronic devices such as pocket calculators, mobile phones, or computers.

The exam set has two independent parts.

e Part I contains “essay problems”. Here it is important that you explain
the idea behind the solution, and that you provide relevant intermediate
results.

e Part II contains “multiple choice” problems. The answers of Part II must
be given on these sheets.

Remember to write your full name (including middle names) together with
your student number below. Also write name and student number on each pa-
ge of your solutions of the essay problems and number these pages. Indicate the
total number of extra sheets on the first page.

Good luck!

NAME:

STUDENT NUMBER:

Answers
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Part I (Essay problems)
Problem 1 (9 points)

(a) (5 points). Prove that the following trigonometric identity holds:

sin(x) + cos(x)

cos(x) —sin(x) tan(x + ).

(b) (4 points). Describe all solutions of the equation

cos(x) +sin(x) /3.

cos(x) —sin(x)

SOLUTION:

(a) Employing the addition theorems for the trigonometric functions in the
second step, we find

tan(x + ) = %
_ sin(x) cos(§) + cos(x) sin(%)
cos(x) cos(§) — sin(x)sin(F)’

Now we recall that
sin(%) = cos(§) = 7

which together with the above computation permits to get

o sin(x) - \/Li + cos(x) - \/LE
tan(x +3) = cos(x) - \% — sin(x) - %
B \% - (sin(x) 4 cos(x))
B \/LE - (cos(x) — sin(x))
_ cos(x) +sin(x)
cos(x) —sin(x)’

(b) In view of Part (a) the given equation is equivalent to
tan(x + §) = V3.

Now we know that tan(y) = /3, if and only if y = Z + n for some
n € Z.Setting y = x + 7, thatis, x = y — 7, we see that x solves the given
equation, if and only if

x="gan— "= (4-3)m Fam =2 +an,
3 4 12 12

for somen € Z. O
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Problem 2 (19 points)
Consider the system of linear equations
X1+ 2x3+x4 =1,

X1+ 2xp +3x3 =1,
2x1 + xp +4x3 = 1.

1)

(a) (2 points). Write down the augmented matrix corresponding to the system

of linear equations (1).

(b) (10 points). Compute the reduced row echelon form of the augmented

matrix corresponding to the system (1).
(c) (4 points). Find all solutions (if any) to the system (1).
(d) (3 points). Find all solutions (if any) to the system

X1+ 2x3+x4 =1,
X1+ 2xp +3x3 =1,
2x1 + xp +4x3 =1,

x1 — 5xq = 2019.

SOLUTION

(@) The augmented matrix is

(b)

10211 e 102 1 1 new
rp—r1=r3 r3—2r1=rjz

12301 22 ylp021 -1 0] =—""5 4

21401 214 0 1

102 1 1] 102 1 17 . o e

021 -1 o -22%,1010 —2 —1| =222

010 —2 —1] 021 -1 0

102 1 1] W 100 -5 -3
r1—2r3=r]

010 —2 —1| "1 y1010 -2 -1

001 3 2] 001 3 2

(c) The set of all solutions is given by

-3+ SX4
—1+4+2xy4
2 — 3X4
X4

x4 € R

(Alternatively, one could write the answer as follows:

X1 =—-34+5x4, xp=-1+2x4, x3=2—3x4, x4 free)
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(d) Since the first three lines of the given system of four equations are identical
to the system solved in Parts (a) through (c), any solution

X1
X2
X3
X4

of the given system of four equations must be contained in the set of so-
lutions found in Part (c) and, in particular, it must satisfy x; = —3 + 5x4.
But then

X1 — 5.X4 = -3+ SX4 — 5.X4 = -3 75 2019.

We conclude that the given system of four equations cannot have any so-
lution.

(One can also solve Part (d) by writing down a new, 4 x 4 augmented ma-
trix and computing its reduced row echelon form, from which it can be re-

ad off that no solution exists. The above argument is, however, somewhat
shorter.) O

Part IT (Multiple choice problems)

Problem 3 (6 points)

Let a be a real constant. Mark the correct expression for the limit

2sin((a + h)?) — 2sin(a3)

i i
[] 6sin(a®) M 642 cos(a®)
[] 2sin(a®) [] 2cos(a®)
[] 6a®sin(a®) [] 2tan(a®
Problem 4 (6 points)

A function is given by
f(x) =3x(In(x) —1).

Mark the correct expression for its derivative f/(x).

1 1n(x3) (] 371;12(x3)

. 2
1_

[ 33;23 [] 3e*
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Problem 5 (6 points)
A function is defined by

g(x) = exp(6x> — 3x +19).

The graph of the function has a horizontal tangent at a point. What is the x-
coordinate of that point?

7] 1/4 3
1 [ 4
-2 o

Problem 6 (6 points)

A particle is moving along a horizontal x-axis. Its velocity as a function of time
is given by v(t) = 6te! + 2t. At time t = 0, the particle is located at x = —6.
What is the position function for the particle?

[] x(t) =e® +12 -7
[ x(t) = 6e! +2t—2

[ x(t) = 6te’ +2t +4
[] x(t) = 6te! + >+ 4

[] x(t) = 6te® +2t —6
M x(t) = 6te! + > — 6e

Problem 7 (4 points)
The integral

00
/ x’dx
—100

70 [] 2000000
[] 25000000 [] 10000000

is equal to

[] —10000000
[] 50000000

Problem 8 (5 points)

Mark the value of the sum

[] 30 M5
[] 55
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Problem 9 (6 points)

Mark the value of the sum

10

Y 3(i° —i).

=1
[] 8200 ] 5200 ] 8910
[] 9020 [] 8120 [] 6400

Problem 10 (11 points)

Four points in 3D-space are given by
P=(-1,00), Q=(0-1,0), R=(322), S=(201).
In consequence, we have the following two vectors

PO = (1,-1,0), RS = —2,-1).

Mark the correct answers below.

(a) (2 points). The coordinates of the vector PT% are

[](1,-1,2) [] (4,2,4)
M (4,2,2) [1 (3,—1,—4)

(b) (3 points). The line /1 through P and Q has parametric equation

M (x,y,z) = (- 1,0,0)+t(1,—1,0)

O (xy,2) =(=311) + (1, - )

O (xyz)=(-201)+t-4-11)
(x,y,z) = (-3,1,1) + t(—2,0,1)

(c) (3 points). One finds that the line ¢, through R and S has parametric equa-
tion
(x,v,z) = (3,2,2) +s(1,2,1)

The two lines ¢; and /; intersect at the point T = (1, —2,0). Which value
of the parameter s corresponds to this intersection point?

M s=-2 []s=2
[]s=-3 []s=3
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(d) (8 points). What is the cross product 1@ X I@?

M (1,1,-3) [1(2,2,-3)
] (=2,-3,-2) [] (3,0,1)

Problem 11 (10 points)

(a) (5 points). Consider the system of linear equations

2x1+3x2 +x3 =1,
6x1 +9xy +3x3 =1,
X3 — Xq4 = 0.

Mark the correct statement on this system.

M The system has no solution.

[] The system has exactly one solution.

[] The system has exactly four solutions.

[] The system has infinitely many solutions.

(b) (5 points). Consider the system of linear equations

X1 +axy +axz =1,
Xy +axz =2,
X3 :3,

where g is some real number. Mark the correct statement:

[] The system has exactly one solution when a = 0, but for all other values
of a it does not have any solution.

[] The system has exactly one solution when a = 1, but for all other values
of a it does not have any solution.

[] The system has infinitely many solutions when a = 1.

M The system has exactly one solution for each given value of a.

[] There doesn’t exist any value of a for which the system has a solution.
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Problem 12 (12 points)

Decide whether the following statements are true or false.

(@) (2 points). For all n x n-matrices A and B and real numbers c, it holds
c(AB)T = BT (cA)T.

M True [] False

(b) (2 points). For all invertible n x n-matrices A and B and real numbers c, it
holds

c(AB)"1 =B 1(cA)"L

[] True M False

(c) (2 points). Let Ry and Ry be 2 x 2-rotation matrices corresponding to ang-
les ¢ and 6, respectively. Then it holds RyR, 1= Rys-

M True [] False

(d) (2 points). Let Ry be a 2 x 2-rotation matrix corresponding to the angle ¢.

: -1 _ pT
Then it holds R¢ = R4>’

M True [] False

(e) (2 points). The following matrix represents a rotation about the angle 377 /2
in the counter-clockwise direction:

RIS
N
[] True M False

(f) (2 points). Let a, b, ¢, d be real numbers with ad — bc = 1. Then the inverse
of the matrix
a b
c d

is given by

M True [] False
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